Abstract. In this article we study the existence of solutions to the system
Introduction
In this article, we study the existence of signed and sign-changing solutions to the following Schrödinger-Kirchhoff-Poisson system
where Ω is a bounded smooth domain of R N with N " 1, 2 or 3; f is a continuous function satisfying some conditions we will precise later, a ą 0 and b ě 0.
When a " 1 and b " 0, (SKP) reduces to the boundary value problem $ & %´∆ u`φu " f px, uq in Ω, ∆φ " u 2 in Ω, u " φ " 0 on BΩ.
(1.1)
Knowledge of the solutions of system (1.1) is relevant in the study of stationary solutions ψpx, tq " e´i t upxq to the nonlinear parabolic Schrödinger-Poisson system
Bt "´∆ψ`φpxqψ´|ψ| p´2 ψ in Ω, ∆φ " |ψ| 2 in Ω, ψ " φ " 0 on BΩ.
(1.
2)
The first equation in (1.2), called Schrödinger equation, describes quantum (nonrelativistic) particles interacting with the eletromagnetic field generated by the motion. An interesting class of Schrödinger equations is when the potential φpxq is determined by the charge of wave function itself, that is, when the second equation in (1.2) (Poisson equation) holds. For more details about the physical relevance of the Schrödinger-Poisson system, we refer to [5, 10, 24] . System (1.1) has been extensively studied after the seminal work of Benci and Fortunato [10] . Many important results concerning existence and non existence of solutions, multiplicity of solutions, least energy solutions, radial and non radial solutions, semiclassical limit and concentrations of solution have been obtained. See for instance [2, 5, 6, 8, 11, 12, 25] and the references therein.
On the other hand, considering just the first equation in (SKP) with the potential equal to zero, we have the problem
which represents the stationary and N-dimensional version of the Kirchhoff model [18] for small transverse vibrations of an elastic string by considering the effect of the changing in the length during the vibrations. In fact, since the length of the string is variable during the vibrations, the tension changes with the time and depends of the L 2 norm of the gradient of the displacement u. More precisely, we have a " P 0 {h and b " E{2L, where L is the length of the string, h is the area of cross-section, E is the Young modulus of the material and P 0 is the initial tension. Problem (1.3) is called nonlocal because of the presence of the term ş Ω |∇u| 2 dx which implies, when b ‰ 0, that the equation in (1.3) is no longer a pointwise identity. This phenomenon causes some mathematical difficulties which make the study of such class of problems particularly interesting. Some existence and multiplicity results on Kirchhoff type problems can be found in [1, 3, 4, 8, 21, 22] and the references therein.
An important fact about system (SKP) is that it can be converted into a binonlocal problem of the Schrödinger-Kirchhoff type. More precisely, by using standard arguments as those in [10] , one can show that pu, φq P H 1 0 pΩqˆH 1 0 pΩq is a weak solution of (SKP) if, and only if, φ " φ u and u is a weak solution to the following Schrödinger-Kirchhoff type system
where φ u is the unique element of H 1 0 pΩq, given by the Lax Milgram Theorem, such that´∆φ u " u 2 . We will then concentrate our efforts in the study of (SK). In recent years, Schrödinger-Kirchhoff problems like (SK), with φ " φpxq depending only on x, have received great attention of the mathematical community. In [16] , by using Lusternik-Schnirelmann theory and minimax methods, He and Zou proved a result of multiplicity and concentration behavior of positive solutions for the following equation 4) by assuming, among others, that f P C 1 pR 3 q is subcritical and 3-superlinear, and that the potential V satisfies:
In [26] , Wang et al. replaced the second member of (1.4) by λf puq`u 5 and they obtained, assuming only that f is continuous, multiple positive solutions when the parameter λ ą 0 is large enough. Their approach combines LusternikSchnirelmann theory, minimax methods, and the Nehari manifold method. More recently, Figueiredo and Santos Júnior [15] obtained, using penalization method and the Nehari manifold approach, a multiplicity and concentration result of positive solutions for the problem
with f 3-superlinear and only continuous, M a general continuous function, and V satisfying the condition: for each δ ą 0 there is a bounded and Lipschitz domain Ω Ă R 3 such that V 0 ă min BΩ V , with Π " tx P Ω : V pxq " V 0 u ‰ H and Π δ " tx P R 3 : distpx, Πq ď δu Ă Ω. We also refer to [14, 17, 23, 28] for related results.
Motivated by the previous work, we study the existence of solutions to the system (SKP) or, equivalently, to the system (SK). As far as we know, this is the first paper to investigate a bi-nonlocal problem of this type. We emphasize that the combined effects of the two nonlocal terms it contains make problem (SK) an interesting variational problem. We will have to circumvent some new difficulties in order to decide the sign of the solutions. To enunciate our main result, we first require some conditions on the nonlinear term f :
where 4 ă p ă 6;
pf 3 q there exists µ ą 4 such that 0 ă µF px, tq ď tf px, tq for all t ‰ 0 and for all x P Ω, where F px, tq " ş t 0 f px, sqds. We say that the couple pu, φq is a sign-changing solution of (SKP) if u changes its sign. Our main result reads as follows:
Main Theorem. Let a ą 0 and b ě 0. If pf 1 q´pf 3 q hold, then problem (SKP) has at least three solutions: one positive, one negative, and one sign-changing. If moreover f is odd with respect to its second variable, then problem (SKP) has infinitely many sign-changing solutions.
Our approach in proving this theorem is variational and relies on the application of three critical point theorems. The first one is a new version of the mountain pass theorem established in this paper. More precisely, using the quantitave deformation lemma introduced in [8] , we derive a variant of the mountain pass theorem on cones which yields positive and negative Palais-Smale sequences for the energy functional associated to (SK). The second critical point theorem is a sign-changing version of the mountain pass theorem, also established in this paper, which guarantees the existence of a sign-changing solution of mountain pass type to (SK). The main feature of this result is a new characterization of the mountain pass level introduced recently in [19] . However, we point out that the critical point theorem in [19] cannot be used in our situation because the auxiliary operator constructed in Section 3 is not compact if it is defined on an infinite dimensional vector space. Finally, the third critical point theorem is a version of the symmetric mountain pass theorem, established recently in [8] , which will be used, in case f is odd in u, to ensure the existence of infinitely many high energy sign-changing solutions to (SK).
The paper is organized as follows: In Section 2, we state and prove the abstract results. In Section 3, we provide the proof of Theorem 1, which is divided into three parts.
Critical point theorems
In this section, we provide some critical point theorems which are interesting by themselves and can be used in many other situations.
Let J be a C 1 -functional defined on a Hilbert space X of the form
We introduce for m ą 2 the following notations:
Let P m be a closed convex cone of Y m . We set for µ m ą 0
We will also denote the α-neighborhood of W Ă Y m by
We consider the following situation: Lemma 2.1 (see [8] , Lemma 2.3). Let J P C 1 pX, Rq. Assume that for all m ą 2 there exists µ m ą 0 such that the condition pA 0 q is satisfied. Let c P R, ε 0 ą 0 and
Then for some ε Ps0, ε 0 r there exists η P C`r0, 1sˆY m , Y m˘s uch that:
If J is even then ηpt,¨q is odd, for any t P r0, 1s.
To find positive and negative solutions we will use the following version of the mountain pass theorem in cones. Then there exist sequences tum ,n u n Ă˘D 0 m such that lim
Jpte˘q ‰ .
Proof. We define cm :" inf
Jpuq, where Γm :"
One can verify easily that the map γ : r0, 1s Ñ˘D 0 m defined by γptq " te˘belongs to Γm. By remarking that inf uP˘D 0 m }u}"r Jpuq ě inf uPX }u}"r Jpuq, we deduce from pA 1 q that cm ě ρ.
We claim that
3) Indeed, if the claim is not true then there exists ε 0 Ps0, pcm´δq{2r such that }J 1 m puq} ě ε 0 for all u P J´1`rcm´2ε 0 , cm`2ε 0 s˘X´˘D 0 m¯. We apply Lemma 2.1 with c " cm and W " V µm 2 p˘P m q and we define θ : r0, 1s Ñ˘D 0 m , θptq :" ηp1, γptqq, where γ P Γm satisfies sup
Jpuq ď cm`ε, (2.4) with ε and η given by Lemma 2.1. It is not difficult to show, using the properties of η, that θ belongs to Γm. Inequality (2.4) and conclusion piiq of Lemma 2.1 imply that sup uPθpr0,1sq
Jpuq " sup
This contradicts the definition of cm. Consequently (2.3) holds and the conclusion of the theorem follows.
To find sign-changing critical points of mountain pass type, we will use a version of the mountain pass theorem with a new characterization of the mountain pass level given in [19] . We will use the following notations: ∆ " ps, tq P R 2 : s, t ě 0, s`t ď 1 (
Then there exists a sequence pu
Before giving the proof of this theorem, we recall the following useful intersection lemma which the proof can be found in [19] . Let us show that
(2.5) Arguing toward a contradiction, we assume that (2.5) does not hold, that is there exists ε 0 Ps0, Since c 0 ă c m´2 ε, condition p3q in Theorem 2.3 and conclusion piq of Lemma 2.1 imply that ϕ 0 pB 0 ∆q Ă J´1 m ps´8, c m´2 εrq. It follows that β P Γ m . Now, using the conclusions piiq and pivq of Lemma 2.1 and the relation (2.6), one can easily verify that
It follows that
which is in contradiction with the definition of c m .
The above contradiction assures that (2.5) holds. We then conclude by letting ε 0 Ñ 0.
We terminate this section by recalling a version of the symmetric mountain pass theorem we will apply in order to get infinitely many sign-changing critical points. We introduce for k ě 2 and m ą k`2 the following notations:
pA 
Proof of the main result
In this section, we apply the previous abstract theorems to prove our main result. We assume throughout this section that pf 1,2,3 q are satisfied. We will also denote by |.| q the usual norm of the Lebesgue space L q pΩq. We define X to be the usual Sobolev space H piq there exists C ą 0 such that }φ u } ď C}u} 2 and
We mean by a weak solution of (SK), a function u P H Let us consider the functional J :
It is standard to verify that if pf 1 q holds then J belongs to C 1 pX, Rq with
Clearly, critical points of J are weak solutions of problem (SK). Let us denote by λ 1 ă λ 2 ă λ 3 ă . . . the distinct eigenvalues of the probleḿ ∆u " λu in Ω, u " 0 on BΩ.
It is well known that each λ j has finite multiplicity, the principal eigenvalue λ 1 is simple with positive eigenfunction e 1 , and the eigenfunctions e j corresponding to λ j (j ě 2) are sign-changing. Let X j be the eigenspace associated to λ j . We set for m ą 2
Note that, for all u P`P m zt0u, we have ş Ω ue 1 dx ą 0, while for all u P Z k , ş Ω ue 1 dx " 0, where e 1 denotes the first eigenfunction of the Laplace operator with Dirichlet condition. This implies that`P m X Z k " t0u. In an analogue way we can show that´P m X Z k " t0u, where´P m :" tu P Y m ; upxq ď 0u. Therefore, since N m k is compact, we conclude that
Now we construct an odd locally Lipschitz continuous vector field satisfying the condition pA 0 q. The idea goes back to [20] . For u P Y m fixed, we consider the functional
It is not difficult to see that I u is of class C 1 , coercive, bounded from below, weakly lower semicontinuous and strictly convex. Therefore I u admits a unique minimizer v " Au P Y m , which is the unique solution to the probleḿ`a`b
Clearly, the set of fixed points of A coincides with K m . Moreover the operator A : Y m Ñ Y m has the following properties. Proof. (1) Let pu n q Ă Y m be such that u n Ñ u in Y m . We set v n " Au n and v " Au. Using the definition of A, we obtain for any
By choosing w " v n´v in p3.4q and in p3.5q, we obtaiǹ
Observing that pφ u v´φ un v n qpv n´v q "´φ un pv n´v q 2`p φ un´φu qvpv´v n q ď pφ un´φu qvpv´v n q, we conclude, from Hölder inequality and Sobolev embedding theorem, that 
To finish this item, we observe that taking v " w " Au in (3.5) leads tò
which implies, using pf 1 q and the Sobolev embedding theorem, that
where c 2 is a positive constant. Therefore, Au is bounded whenever u is bounded. (2) Taking w " u´Au in p3.5q, it follows that
Moreover, using again p3.5q, we have
Applying Hölder inequality and Sobolev embedding theorem, we conclude that
for some constant C ą b.
(3) From pf 1 q and pf 2 q, for any ε ą 0 there exists c ε ą 0 such that
Let u P Y m and v " Au. We denote w`" maxt0, wu and w´" mint0, wu, for any w P X. Taking w " v`in p3.5q and using Hölder inequality, we obtaiǹ
Since |z`| s ď |z´w| s , for all z P X, w P´P , and 1 ď s ď 2˚, there exists a positive constant c 1 " c 1 psq such that |u`| s ď c 1 distpu,´P q ď c 1 distpu,´P m q. Note that distpv,´P m q ď }v`} and, consequently, by p3.7q and Sobolev embeddding theorem that
where c 2 is a positive constant. Therefore,
In the same way, we can prove that
where c [20] , we can argue as in [7] and use A to construct another vector field which satisfies the condition pA 0 q. More precisely, we have the following result. Proof. Follows the same steps from [7] , see also [8] . 
4´1 µ˙} u}
Using pf 3 q and Lemma 3.3p2q, we have
Suppose that there exists a sequence pu n q Ă Y m such that J m pu n q P rρ 1 , ρ 2 s, }J 1 m pu n q} ě α and }u n´B u n } Ñ 0. From p3.11q, we conclude that pu n q is bounded. Finally, by Remark 1 we derive J 1 m pu n q Ñ 0, which is a contradiction. 3.1. Existence of constant sign solutions. In this subsection, we prove the existence of a positive solution and a negative solution to (SK). The following lemma shows that J m has the mountain pass geometry. 
The last inequality together with Lemma 3.1(ii) and Sobolev embedding theorem gives us
where c 2 ą 0 is constant. Thus, by choosing r " pa{2c 2 q 1 p´2 ą 0, we obtain Jpuq ěˆ1 2´1 p˙´a 2¯p Jpte˘q ‰ .
For any u P Y m we have, in view of pf 3 q, Lemma 3.1(ii) and since µ ą 4, Jpte˘q ‰ Inequality (3.12) above then implies that the sequences tumu m are bounded in X. Going to subsequences if necessary we can assume that um á u˘in X and um Ñ u˘in L p pΩq and in L q pΩq, as m Ñ 8. We denote by π m the orthogonal projection of X onto Y m . We have
The Hölder inequality givešˇż
Since the sequences tumu m are bounded, we deduce from pf 1 q and Lemma 3.1(i) that tˇˇf px, umqˇˇp where µ m is given by (3.8). Since µ m Ñ 0 as m Ñ 8, we conclude by taking the limit m Ñ 8 in (3.14) that u˘P˘P .
3.2.
Existence of a sign-changing solution. We show in this subsection that (SK) has a sign-changing solution of mountain pass type under assumptions pf 1,2,3 q. The next two lemmas will be very helpful. in (3.6) and using Lemma 3.6, we see that
where c ą 0 is a constant. We conclude by using the fact that µ m Ñ 0 as m Ñ 8.
In the following proof we adopt the notations of Theorem 2.3.
Proof of Main Theorem (Part 2). We first follow [20] to verify the assumptions of Theorem 2.3. We define the continuous map ϕ 0 : ∆ Ñ Y m by ϕ 0 ps, tq " Rpse2`te2 q for all ps, tq P ∆, where e 2 is an eigenfunction corresponding to the second eigenvalue of the Laplacian, e2 " minte 2 , 0u, e2 " maxte 2 , 0u, and R ą 0 is a constant to be determined later. Since e 2 is sign-changing, e2 are not equal to 0. Obviously, ϕ 0 p0, tq P D 0 m and ϕ 0 ps, 0q P´D 0 m . Now a simple computation shows that δ :" mint|p1´tqe2`te2 | 2 : t P r0, 1su ą 0. Then, |u| 2 ě δR for u P ϕ 0 pB 0 ∆q and it follows from Lemma 3.6 that ϕ 0 pB 0 ∆q X D We recall that pf 1 q and pf 2 q imply @ε ą 0, Dc ε ą 0 ; |f px, tq| ď ε|t|`c ε |t| p´1 , @px, tq P ΩˆR.
We then obtain by using the Sobolev embedding theorem for some constant c ą 0. Since u m is sign-changing, um are not equal to 0. Choosing ε small enough it follows that }um} ě α ą 0, where α does not depend on m. By passing to the limit m Ñ 8, we conclude that u is sign-changing.
3.3.
Existence of high energy sign-changing solutions. In this subsection, we show that (SKP) has infinitely many large energy sign-changing solutions by applying Theorem 2.5. We recall the definition of Y k and Z k (k ě 2 ).
Y k " ' k j"1 X j and Z k " ' 8 j"k X j , where X j designates, as above, the eigenspace corresponding to the jth eigenvalue of the Laplacian.
Proof of Main Theorem (Part 3).
Since the argument is the same as in [8, 9] , we just provide a sketch here.
Using pf 1 q and Lemma 3.1(ii), we obtain Jpuq ě a 2 }u} Then we obtain By Lemma 3.8 in [27] , β k Ñ 0 and then r k Ñ 8, as k Ñ 8.
On the other hand, using the fact that Y k is finite-dimensional one can easily verify that Jpuq Ñ´8, as }u} Ñ 8, u P Y k . Therefore, for k big enough we can choose ρ k ą r k such that the conditions of Theorem 2.5 are satisfied. We can then proceed as in [8, 9] to show that J has a sequence tu k u of sign-changing critical points such that Jpu k q Ñ 8, as k Ñ 8.
